In the present paper we study some homotopy invariants which can be defined by means of bundles with fiber a matrix algebra. In particular, we introduce some generalization of the Brauer group in the topological context and show that any its element can be represented as a locally trivial bundle with the structure group N × k , k ∈ N . Finally, we discuss its possible applications in the twisted K-theory.
Introduction
The aim of this paper is to study different homotopy invariants of CW -complexes which can be constructed by means of locally-trivial bundles with fiber a matrix algebra. An example of such invariant is the first obstruction for an embedding of a locally-trivial matrix algebra bundle into a trivial one (under some extra conditions which will be formulated below). Another invariant we shall deal with is a homotopy functor GBr which can be treated as a generalization of the classical "topological" Brauer group. So let us remember the basic idea of the Brauer group.
Suppose X is a finite CW -complex. The topological Brauer group Br(X) can be defined as the group of equivalence classes of locally-trivial bundles A k over X with fibers M k (C) (for arbitrary k ∈ N) with respect to the following equivalence relation:
for some complex vector bundles ξ m , η n of rank m, n respectively (in particular, km = ln). Roughly speaking, we can say that Br(X) is the group of obstructions for the lifting of locally trivial bundles A k over X with fiber the matrix algebra M k (C) to bundles of the form End(ξ k ) for some locally trivial C k -bundle ξ k over X.
In order to define the generalized Brauer group GBr for any natural k we introduce some C * -algebra Nk ⊂ M k (B(H)), where B(H) is the algebra of bounded operators in a separable complex Hilbert space H, and consider bundles with the group of its invertible elements N × k as a structure group. Some of such bundles come from finite-dimensional vector bundles due to a group homomorphism U (k) → N
Matrix Grassmannians
In this section we give definitions of objects we shall deal with below. More precisely, we start with so-called "matrix Grassmannians" (which play the same role for matrix algebras as the usual Grassmannians for vector spaces) and try to develop a theory of matrix algebra bundles by analogy with the classical theory of vector bundles. We restrict ourselves to considering a special class of matrix algebra bundles (so-called "floating" bundles), because only in this case we avoid the localization (hence a trivialization) of their theory. Finally in this way we obtain an invariant of CW -complexes closely connected with the usual K-theory (cf. Theorem 21).
Note that in the course of the paper the basic field is C.
Basic definition
Let us remember that the Grassmannian Gk, n , 0 ≤ k ≤ n is a homogeneous space parameterizing k-dimensional subspaces in the fixed n-dimensional vector space C n .
By analogy with this definition we introduce a "matrix Grassmannian" which parameterizes central matrix subalgebras of a given dimension in the fixed matrix algebra.
First, remember that a central subalgebra is a subalgebra whose center coincides with the center of the whole algebra (i.e. with the field of scalar matrices in the case of matrix algebras). In particular, the identity matrix of the "big" algebra is the identity element of any central subalgebra. By M n (C) denote the algebra of all n × n matrices over C.
A central subalgebra in M n (C) isomorphic to M k (C) is called a k-subalgebra, for short. Note that such a subalgebra exists only if k|n, i.e. n = kl for some natural l. Definition 1. The matrix Grassmannian Gr ′ k, l is a homogeneous space which parametrizes k-subalgebras in a fixed matrix algebra M kl (C).
Proposition 2. For any pair k, l > 1 there exists the matrix Grassmannian Gr where M k, x ⊂ M kl (C) denotes the k-subalgebra corresponding to a point x ∈ Gr ′ k, l , and the projection is induced by the projection of the trivial bundle onto the first factor.
The noncompact space Gr ′ k, l can be replaced by a homotopy equivalent compact one Gr k, l . More precisely, consider the "standard" Hermitian metric A, B = tr(AB t )
on M kl (C). We say that a k-subalgebra M k, x ⊂ M kl (C) is unitary if M k, x = g(M k (C)⊗ C CE l )g −1 for some g ∈ U (kl), where M k (C)⊗ C CE l ⊂ M kl (C) is the "standard" k-subalgebra. Let PU(n) be the projective unitary group, i.e. the quotient group U (n)/{exp(iϕ)E n | ϕ ∈ R}. Put Gr k, l := PU(kl) PU(k) ⊗ PU(l).
Obviously, it is a subspace in Gr ′ k, l which parameterizes unitary k-subalgebras. In just the same way as in the noncompact case, one can define the tautological M k (C)-bundle A k, l ⊂ Gr k, l ×M kl (C) over Gr k, l .
Recall that the group U (n) (PU(n)) is a strong deformation retract of GL n (C) (PGL n (C) respectively). Hence there is a homotopy equivalence Gr k, l ≃ Gr ′ k, l . Because of this equivalence, we shall not distinguish these spaces below.
Floating algebra bundles
The classical Grassmannians are classifying spaces for vector bundles. In this subsection we introduce a class of bundles that are classified by matrix Grassmannians Gr k, l (under the extra condition (k, l) = 1 whose sense will be clarified below).
Let X be a finite CW -complex. By M n denote a trivial bundle (over X) with fiber M n (C) (note that in general a trivialization on M n is not supposed to be given). such that for any point x ∈ X it embeds the fiber (A k ) x ∼ = M k (C) into the fiber ( M kl ) x ∼ = M kl (C) as a central simple subalgebra, and the positive integers k, l are relatively prime (i.e. their greatest common divisor (k, l) = 1 ) . Then the triple (A k , µ, M kl ) is called a floating algebra bundle (abbrev. FAB) over X. The locally trivial bundle A k is called a core of the FAB (A k , µ, M kl ).
Remark 4. Let A be a central simple algebra over a field K, B ⊂ A a central simple subalgebra in A. It is well known that the centralizer ZA (B) of B in A is a central simple subalgebra in A again, moreover, the equality A = B⊗ K ZA (B) holds [10] , § 12.7.
Taking centralizers for all fibers of the subbundle A k ⊂ M kl in the corresponding fibers of the trivial bundle M kl , we get the complementary subbundle B l with fiber M l (C) together with its embedding ν :
• f, g are fiberwise homomorphisms of central algebras (i.e. they actually are embeddings);
• the square diagram
• let B l ⊂ M kl , D n ⊂ M mn be the complementary subbundles for A k , C m , respectively (see the remark above), then g maps B l into D n .
Note that a morphism (f, g) : (A k , µ, M kl ) → (C m , ν, M mn ) exists only if k|m, l|n.
In particular, an isomorphism between FABs (A k , µ, M kl ) and (C k , ν, M kl ) is a pair of bundle maps f : A k → C k , g : M kl → M kl which are fiberwise isomorphisms of algebras such that the diagram
Clearly, FABs over X with just defined morphisms form a category FAB(X). For a continuous map ϕ : X → Y we have the natural transformation
Suppose (k, l) = 1. Put M kl := Gr k, l ×M kl (C). Note that there is the tautological FAB (A k, l , µ, M kl ) over Gr k, l , where µ is the natural inclusion existing by the definition of A k, l .
Remark 6. Note once more that there are compact and noncompact versions of the considered theory. In the first case we consider only unitary k-subalgebras and for any x ∈ Gr k, l the embedding µ| x : (A k, l ) x → M kl (C) is a unitary map (with respect to the standard Hermitian metrics).
Let Ψ k, l (X) be the set of isomorphism classes of FABs of the form (A k , µ, M kl ) over X. It is clear that for such a FAB there is a classifying map X → Gr k, l (it can be obtained by fixing a trivialization on M kl ). Furthermore, the following assertion holds.
is a bijection.
The homogeneous space
Fix a pair of coprime positive integers k, l. Consider the set Hom(M k (C), M kl (C)) of all homomorphisms of matrix algebras that take the unit 1 M k (C) = E k to the unit 1 M kl (C) = E kl . Since a matrix algebra is a simple ring, we see that any such a homomorphism is an embedding. There are two natural group actions on the set Hom(
Secondly, the group PGL kl (C) = Aut(M kl (C)) acts on Hom(M k (C), M kl (C)) in the following way:
In particular, we have the corresponding action of the subgroup PGL k (C) = PGL k (C)⊗ E l ⊂ PGL kl (C), where by ⊗ and E l we denote the Kronecker product of matrices and the unit l × l-matrix respectively. Note that natural actions (1) and (2) do commute. Indeed, it is a general fact: to given sets S and R and a mapping f :
, where Σ(T ) is the group of all bijections of the set T .
We also can consider the set Hom(
, where L is the forgetful functor which to a matrix algebra assigns its underlying vector space. If we choose bases in L(M k (C)) and L(M kl (C)), we can identify the latter space with the space of (kl) 2 × k 2 -matrices. Then actions (1) and (2) correspond to the right and left multiplication by invertible k 2 × k 2 and (kl) 2 × (kl) 2 -matrices respectively. Now let us describe Hom(M k (C), M kl (C)) as a homogeneous space of the group PGL kl (C).
where δ jm is the Kronecker delta-symbol, and 1≤i≤k α i, i = E kl , where E kl ∈ M kl (C) is the unit matrix.
Clearly, every such a k-frame is a basis in a certain (uniquely determined by the frame) central k-subalgebra in M kl (C). For example, there is the "standard" k-frame {e i, j | 1 ≤ i, j ≤ k}, where e i, j := E ij ⊗ E l is the Kronecker product of a "matrix unit" E ij of order k by the unit l × l matrix E l . It is a frame in the subalgebra
Applying Noether-Skolem's theorem, we see that all k-frames in M kl (C) are conjugate to each other.
Thus, all k-frames in M kl (C) form the homogeneous space
The notation means that the group PGL l (C) is embedded into the group PGL kl (C) by means of the Kronecker product of matrices X → E k ⊗ X.
) is a homogeneous space over the group PGL kl (C) with respect to the action (2). Furthermore, there is an isomorphism of homogeneous spaces
Then we have a one-to-one correspondence between homomorphisms h ∈ Hom(M k (C), M kl (C)) and k-frames β in M kl (C) given by h ↔ β = h(α).
In particular, the previous proposition equips the set Hom(M k (C), M kl (C)) with the topology of homogeneous space.
The space Fr k, l is the total space of the principal PGL k (C)-bundle
The fiber of this bundle over x ∈ Gr k, l consists of all those k-frames that are contained in the k-subalgebra M k, x ⊂ M kl (C) corresponding to x. The tautological M k (C)-bundle A k, l over Gr k, l is associated with this principal bundle. Thus, the homogeneous space Fr k, l can be treated as the total space of the principal
Remark 10. There is also a unitary analog of this notion. Clearly, the set of all unitary k-frames in M kl (C) (with respect to the standard Hermitian metric A, B = tr(AB t )
on M kl (C)) is the homogeneous space Fr k, l := PU(kl)/E k ⊗ PU(l). It is the total space of the following principal bundle
over the (compact) matrix Grassmannian Gr k, l . The fiber of this bundle over x ∈ Gr k, l consists of all those unitary k-frames that are contained in the k-subalgebra M k, x ⊂ M kl (C) corresponding to x (recall that points x ∈ Gr k, l correspond to unitary central k-subalgebras in M kl (C)). The tautological M k (C)-bundle A k, l over Gr k, l is associated with this principal bundle. Now note that there is a canonical FAB over Hom(M k (C), M kl (C)) = Fr k, l whose core (which is a trivial M k (C)-bundle equipped with the canonical trivialization) is defined as the subspace
Obviously, this FAB is the pull-back of the tautological FAB (A k, l , µ, M kl ) under the projection Fr k, l → Gr k, l . Note that the considered FAB over Hom(M k (C), M kl (C)) is not trivial (see Definition 13 below) although its core is. The reason of this is that the embedding µ is "twisted".
Obviously, the assignment
) is functorial and therefore it can be transferred to locally trivial bundles with fiber M k (C). Thus, to any locally trivial M k (C)-bundle A k over X we assign the locally trivial Hom(M k (C), M kl (C))-bundle (over the same base X). The obtained bundle we denote by
is regarded as a trivial bundle over a point.
In terms of structure groups, the bundle H k, l (A k ) is associated with the same principal PGL k (C)-bundle as A k , using the action (1).
The
denote the universal M k (C)-bundle over BPU(k) (it is a locally trivial bundle with the structure group PU(k) ≃ PGL k (C) = Aut(M k (C))). In this subsection we study the Hom(
Let t k, l : Gr k, l → BPU(k) be the classifying map for A k, l as a bundle with the structure group PGL k (C). Recall that the mapping t k, l can be considered as a fibration in Homotopy Category.
First note that there is the canonical embedding p
) is homotopy equivalent to the matrix Grassmannian Gr k, l . Moreover, the bundle projection H k, l (A This theorem is a consequence of the following proposition.
Let X be a finite CW -complex. Consider the set S k, l (X) of equivalence classes of FABs of the form (A k , µ, M kl ) over X with respect to the following equivalence relation:
Proposition 12. The spaces Gr k, l and H k, l (A univ k ) both represent the homotopy functor X → S k, l (X).
Proof.
For Gr k, l this is clear. Consider
We have to construct a homotopy Φ between ϕ 0 and ϕ 1 .
we have a homotopyΦ : X × I → BPU(k) betweenφ 0 andφ 1 . This (together with the covering homotopy property) shows that without loss of generality we can assume thatφ 0 =φ 1 =:φ. In other words,
) and M defines a homotopy between µ : A k → M kl and µ ′ : A k → M kl (indeed, such a homotopy can be chosen as the composition M • α, where α :
There is the natural one-to-one correspondence between sections of the bundle H k, l (A k ) → X and embeddings A k ֒→ M kl = X ×M kl (C) and also between corresponding homotopies. Let σ i , i = 0, 1 be the sections corresponding to µ, µ ′ respectively. Therefore the homotopy M gives us a homotopy ς between σ 0 and σ 1 . Finally, the composite map
) is the required homotopy between the classifying maps
). Now the converse assertion is clear. Since the both spaces represent the same homotopy functor, there is a homotopy equivalence
Thus, we see that a lifting in the bundle H k, l (A univ k ) → BPU(k) and an embedding of a locally trivial algebra bundle A k into a trivial one (with fiber M kl (C)) are the same things. This will be useful for the study of obstructions for such an embedding in Subsection 3.2. Now let us describe the homotopy equivalence Gr k, l ≃ H k, l (A univ k ) more explicitly. Obviously, the canonical embedding
From the other hand, we have the fibration
The embedding µ :
We have already observed that since the both spaces
) and Gr k, l represent the same homotopy functor, they are homotopy equivalent to each other. Moreover it is easy to see that the above constructed maps ϕ :
Thus, we can identify the fibrations (in Homotopy Category)
The functor represented by the H-space Gr
In this section we give a brief survey of the stable theory of floating algebra bundles. We do this because this theory is needed to motivate the definition of the generalized Brauer group in Subsection 3.3 (see for example Theorem 43 and its corollary). For more details see [3] , Ch.2.
The stable equivalence of FABs
Define the product • of two FABs over
(under some choice of trivializations on M k and M kl ), where E l is the unit l × l-matrix and T ⊗ E l denotes the Kronecker product of matrices. In other words, the bundle M k is embedded into M kl as a fixed subalgebra.
Definition 14. Two FABs (A k , µ, M kl ) and (B m , ν, M mn ) over X are said to be stable equivalent if there is a sequence of pairs
and a corresponding sequence of FABs (
where
By AB 
for every j, the corresponding direct limits lim
Gr k j , l j are homotopy-equivalent. This unique homotopy type we denote by Gr.
2) Gr is a classifying space for stable equivalence classes of FABs over a finite CWcomplex X. In other words, the functor X → AB 1 (X) from the homotopy category of finite CW -complexes to the category Sets is represented by the space Gr.
The proof is based on Proposition 7 and on the following lemma.
Lemma 16. If (km, ln) = 1, then the embedding
is a homotopy equivalence in dimensions < 2 min{k, l}.
Therefore for any finite CW -complex X, dim(X)
, whence the stable equivalence relation.
The group structure
Let (A k , µ, M kl ) be a FAB over X. By [(A k , µ, M kl )] we denote its stable equivalence class (with respect to the equivalence relation defined in the previous subsection). Define the product ⋄ of two classes
Clearly, this product is well defined. The following lemma allows us to reject the restriction (km, ln) = 1.
Lemma 17. For any pair {k, l} such that (i) (k, l) = 1, (ii) 2 min{k, l} ≥ dim X, any stable equivalence class of FABs over X has a representative of the form (A k , µ, M kl ).
Clearly, the product ⋄ is associative, commutative, and has identity ele-
there exists the inverse element. In order to find it, let us recall the following fact. The centralizer ZP (Q) of a central simple subalgebra Q in a central simple algebra P (over some field K) is a central simple subalgebra again, moreover, the equality P = Q⊗ K ZP (Q) holds. Therefore by taking centralizers for every fiber of the subbundle A k in M kl , we obtain the complementary subbundle B l with fiber M l (C) together with its embedding ν : B l ֒→ M kl into the trivial bundle. Moreover,
. Thus, the functor X → AB 
Some properties of FAB's core
Recall that a locally trivial Aut(M k (C)) ∼ = PGL k (C) (or PU(k))-bundle A k is called a core of a FAB (A k , µ, M kl ) (if such a FAB exists, of course). We mention its properties because they will play an important role in the definition of the generalized Brauer group in Subsection 3.3.
Proof. Indeed, since ρ kl = ρ k × ρ l for (k, l) = 1, where ρ n is the group of nth degree roots of unity, we have
The following lemma describes a characteristic property of cores.
Lemma 20. ( [3] , Lemma 2.7) Let X be a finite CW -complex. Suppose dim X ≤ 2 min{k, m}; then the following conditions are equivalent:
• A k is the core of some FAB over X;
• for arbitrary m such that 2m ≥ dim X there is a bundle B m with fiber
Moreover, for any pair of bundles A k , B m such that (k, m) = 1 and
there exists a unique stable equivalence class of FABs over X which has (for sufficiently large n, (km, n) = 1) FABs of the forms (A k , µ, M kn ), (B m , ν, M mn ) as representatives (for some embeddings µ, ν).
Localization
Let X be a finite CW -complex, k ≥ 2 a fixed integer. The set of isomorphism classes of bundles of the form A k m (for arbitrary m ∈ N) over X with fiber M k m (C) is a monoid with respect to the operation ⊗ (with the identity element M k 0 (C) ∼ = C). Let us consider the following equivalence relation
The set of equivalence classes [A k m ] of such bundles is a group with respect to the operation induced by ⊗. This group we denote by AB k (X). Let us consider the direct limit lim −→ n BPU(k n ) with respect to the maps induced by
Clearly, the functor X → AB
According to Lemma 17, for any stable equivalence class of FABs over X there is a representative of the form (A k m , µ, M (kl) m ), (k, l) = 1. Therefore for any k we have the group homomorphism
induced by the following map of the direct limits
where t k 2 , l 2 and t k, l are classifying maps for the cores A k, l and A k 2 , l 2 as PU(k) and PU(k 2 )-bundles, respectively.
The kernel of the homomorphism AB
] and the natural map
with the kernels {λE
Relation between AB

1
and KSU-theory
Recall that BSU ⊗ is the space BSU with the structure of H-space related to the tensor product of virtual SU-bundles of virtual dimension 1.
By KSU(X) denote the reduced K -functor constructed by means of SU-bundles over X. Recall that KSU(X) is a ring with the multiplication induced by the tensor product of bundles.
The previous theorem claims that the group AB 1 (X) is isomorphic to the multiplicative group of the ring KSU(X), i.e. the group (because X is a finite CW -complex) of elements of KSU(X) with respect to the operation ξ * η = ξ + η + ξη (ξ, η ∈ KSU(X), i.e. ξ, η are of virtual dimension 0). This gives us a geometric description of the H-structure on BSU ⊗ . For example, the construction of the inverse stable equivalence class [(B m , ν, M mn )] for a given one [(A k , µ, M kl )] is closely connected with taking centralizer for a subalgebra in a fixed matrix algebra.
Although
A U -version
Consider the canonical map BU(k) → BPU(k) induced by the group homomorphism U (k) → PU(k). By Gr k, l denote the total space of the Fr k, l -fibration (recall that Fr k, l denotes the space of (unitary) k-frames in M kl (C), see Subsection 1.3) induced by the fibration Gr k, l Fr k, l −→ BPU(k) and the map BU(k) → BPU(k) (as ever, the integers k, l are assumed to be coprime), i.e. the fiber product
It follows easily that there is a CP ∞ -fibration Gr k, l → Gr k, l .
Remark 22. Let us give a description of Gr k, l analogous to the one for Gr k, l in Subsection 1.4. Let ξ Consider the following morphism of U (k)-fibrations:
where t k, l is the classifying map for the canonical U (k)-bundle over Gr k, l and by EU(k) we denote the total space of the universal principal U (k)-bundle which is contractible. A simple computation with homotopy sequences of the fibrations shows that t k, l * : π 2r ( Gr k, l ) → π 2r (BU(k)), r ≤ min{k, l} is just the monomorphism Z → Z, 1 → k · 1 (note that the odd-dimensional stable homotopy groups of both spaces are equal to 0). This implies ( [12] , Theorem 2.1) that the direct limit map
The diagram (3) gives us the diagram
The left-hand vertical arrow in terms of bundles can be described as an assignment
and also t k and the right-hand arrow as (
The space Gr is an H-space with respect to the multiplication induced by the tensor product of bundles. It can be proved that Gr ∼ = BU ⊗ as H-spaces. Let us also recall that BU ⊗ ∼ = BSU ⊗ ×CP ∞ and Gr ∼ = BSU ⊗ as H-spaces, hence Gr ∼ = Gr ×CP ∞ . In particular, the H-space Gr represents the functor of the "multiplicative group" of the ring KC , i.e. the functor X → KC (X), where KC (X) is considered as a group with respect to the operation ξ * η = ξ + η + ξη, ξ, η ∈ KC (X) (here KC is the reduced complex K-functor).
By AB 3 Homotopy invariants related to algebra bundles
Reminder: The classical Brauer group
Undoubtedly, the most important invariant constructed by means of matrix algebra bundles (called in this context "Azumaya bundles") is the Brauer group which plays an important role not only in Topology but also in Algebraic Geometry (where it turns out to be a birational invariant of varieties [7] ). In this subsection we give a brief survey of the classical results concerning its "purely topological" version. So let X be a finite CW -complex. Consider the set of isomorphism classes of locally trivial bundles over X with fiber M k (C) with an arbitrary integer k > 1. On the set of such bundles consider the following equivalence relation:
} is well defined and equips the set of stable equivalence classes with the structure of Abelian group. We denote this group by AB(X). Clearly,
, where the direct limit is taken over the natural homomorphisms
where by ξ m , η n we denote vector bundles over X of rank m, n, respectively. By [C m ] denote the stable equivalence class of M m (C)-bundle C m . The tensor product of bundles induces a group structure on the set of such stable equivalence classes. It is just the classical topological Brauer group Br(X).
Let us give a homotopic description of Br(X). Consider the fibration
corresponding to the exact sequence of groups
The first obstruction α(f ) for the lifting of a map f : X → BPU(k) in (7) belongs to H 3 (X; Z) ([6], Ch.5) and has order k (the last assertion follows from the fact that α(f ) = δ(β(f )), where β(f ) ∈ H 2 (X; Z/kZ) is the first obstruction for the lifting in the bundle B µ k ֒→ BSU(k) → BPU(k) and δ : H 2 (X; Z/kZ) → H 3 (X; Z) is the coboundary homomorphism). Let us introduce the following notation for the direct limits:
where k runs over all positive integers and the limits are taken over the maps inducing by the tensor product (in particular, B U is a Q-space). Recall that
and we have the fibration
corresponding to the exact sequence of the coefficients groups
We consider every space CP ∞ , B U, and B PU as an H-space with the multiplication induced by the tensor product of bundles which it classifies (for example, CP ∞ classifies complex line bundles, and there is the isomorphism CP ∞ ∼ = K (2, Z), ζ → c 1 (ζ) of Hspaces, where c 1 is the first Chern class). Thus, after taking the limit as k → ∞ in (7) we get the fibration
The H-space B PU represents the homotopy functor X → AB(X) on the category of finite CW -complexes. Indeed, since we take the direct limit B PU = lim we denote the universal M r (C)-bundle over BPU(r)), the stable equivalence relation (6) appears.
Now it is easy to see that Br(X) = coker{p
Using the exact sequence of cohomology groups induced by the sequence of coefficients
δ is the coboundary homomorphism), i.e. Br(X) = H 3 tors (X; Z) [7] . The explicit form of the isomorphism Br(X) ∼ = H 3 tors (X; Z) can be described as follows. Recall that the structure group of a bundle A k with fiber M k (C) is Aut(M k (C)) = PGL k (C) and PGL k (C) contains PU(k) as a strong deformation retract. The obstruction theory asserts ( [6] , Ch.5) that the first (and unique!) obstruction for the lifting of PU(k)-bundle to a U (k)-bundle belongs to the group H 3 (X; π 2 (CP ∞ )) (see fibration (7)). Therefore the assignment A k → {the first obstruction for the lifting} gives us the required description of the isomorphism Br(X) ∼ = H 3 tors (X; Z). Thus, any element of the group H 3 tors (X; Z) can be realized as an obstruction for the lifting of some PU-bundle to a U -bundle (or equivalent a PGL-bundle to a GL-bundle).
Remark 23. Let us remark that it is not necessarily that for α ∈ H 3 (X; Z) such that kα = 0 there exists a bundle A k with fiber M k (C) whose invariant is equal to α (see [2] , p.11).
Remark 24. Now suppose A k has a lifting ξ k (i.e. End(ξ k ) = A k ). Then the obstruction theory says that ξ k is determined by A k up to taking the tensor product with a line bundle ζ over X. Indeed, it was already mentioned that
is isomorphic to the group of line bundles with respect to the tensor product; from the other hand, for any line bundle ζ we have End(ξ k ⊗ ζ) = End(ξ k ).
Remark 25. Note that for any fixed integer k > 1 one can develop the corresponding theory of bundles with fibers of the form M k n (C) for arbitrary n ∈ N. In this way one can define the k-primary component Br k (X) of the Brauer group as coker{p k * : [X, BU(k
An obstruction for an embedding of a locally trivial algebra bundle into a trivial one
In this subsection using the Hom(
) → BPU(k) (which has been studied in Subsection 1.4) we define topological obstructions for an embedding of a locally trivial matrix algebra bundle into a trivial one. Note that we consider only embeddings that are fiberwise homomorphisms of central algebras.
More precisely, let A k be an M k (C)-bundle over a finite CW -complex X. In this subsection we construct a cohomological obstruction for the existence of an embedding µ :
is a central subalgebra for any x ∈ X. This obstruction equals 0 iff A k is the core of some FAB (A k , µ, M kl ) over X.
Remark 26. Note that nontrivial obstructions can exist (after taking the limit as in Remark 30 below) only if (k, l) = 1. In other words, all the obstructions vanish in the stable case if we reject this condition.
Consider the fibration
Let X be a finite CW -complex, dim(X) < 2l n . Then for a given map f :
we have the first obstruction α(f ) ∈ H 2i (X; π 2i−1 (Fr k n , l n )) for the lifting in (9) ([6], Ch.5), where π 2i−1 (Fr k n , l n ) = Z/k n Z and π 2i (Fr k n , l n ) = 0 because i < l n . But we have shown in Subsection 1.4 that a lifting of f : X → BPU(k n ) in (9) is the same thing as an embedding f * (A univ k n ) ֒→ X × M (kl) n (C). Therefore the class α(f ) is the first obstruction for the existence of an embedding of f * (A univ k n ) into the trivial bundle X × M (kl) n (C) (recall that (k, l) = 1).
Note that for a mapping f : X → BU(k n ) we can also define the obstruction for an embedding of the bundle f
For this purpose instead of bundle (9) we should consider the bundle
(see Remark 22). Clearly, the obstructions will be the same as in the "projective" case (in connection with this note that the map BU(k
Now take k, l, m, n such that (km, ln) = 1. Notice that there is the natural map
induced by the tensor product of matrix algebras.
Remark 27. If we identify Hom(M k (C), M kl (C)) with Fr k, l then the map φ k, l; m, n can be described as follows. One can easily verify that for a k-frame
Thus we have the natural map Fr k, l × Fr m, n → Fr km, ln which coincides with φ k, l; m, n under the mentioned identification.
Clearly, we also have the corresponding map of bundles
commutes. Obviously, the map ϕ k, l; m, n can be identified with the natural map Gr k, l × Gr m, n → Gr km, ln of matrix Grassmannians induced by the tensor product of matrix algebras. These maps define the above described (see Subsection 2.2) H-space structure on Gr := lim
The same is true in the "unitary" case.
Lemma 28. The homotopy type of Fr k, l ∞ does not depend on the choice of l, (k, l) = 1.
Proof. Take m such that (k, m) = 1. Define the map α k, l, m : Fr k, l → Fr k, lm by the commutative diagram:
(the rows are fibrations). One can easily verify that the map α k, l, m : Fr k, l → Fr k, lm is a homotopy equivalence in dimensions < 2l. Now using the diagram
Fr k, l r r r r r
Using such maps α we can form the direct limit Fr k ∞ , l ∞ whose homotopy type does not depend on the choice of l, so we shall denote it just by Fr k ∞ .
for odd r and 0 otherwise. Moreover, the nat-
Proof follows from simple calculations with homotopy sequences of obvious fibrations.
So we can define the direct limit (as n → ∞) of (9)
and of (10)
respectively. All the mappings are the homomorphisms of H-spaces. In particular, we see that p k , p k are fiber substitutes for maps t k , t k (see Section 2), respectively.
Remark 30. Suppose we are given a map f : (9)), dim X < 2l n . Then the corresponding limit obstruction in (13) is also nontrivial. One can prove this using the following fact: for (km, ln) = 1 the natural map Fr k, l → Fr km, ln induces monomorphisms of the homotopy groups:
Remark 31. Let Fk (X) be the set of equivalence classes of M k n (C)-bundles A k n (for arbitrary n ∈ N) with respect to the following equivalence relation:
Obviously, Fk (X) is an Abelian group with respect to the operation induced by the tensor product of bundles. Moreover, Fk (X) = coker{p k * :
}, see the next subsection). Note that the first cohomological obstruction for the lifting in (13) is well-defined on such equivalence classes.
Although the group Fk (X) looks like the Brauer group Br k (X), the actual analog of the latter group will be defined in the next subsection.
A generalized Brauer group
Consider exact sequence (14) of H-spaces. Our goal is to extend it to the right. So at the next step we have to define a "classifying space" for Fr k ∞ . One possible approach uses the fact that Fr k ∞ is an infinite loop space (as a fiber of the localization map
for BU ⊗ ; BU ⊗ is an infinite loop space due to G.B. Segal [11] ). In this way one obtains the fibration
where BFr k ∞ is the base of the universal principal Fr
But we present a more direct approach by replacing the loop spaces by groups of the same homotopy type. More precisely, we introduce topological
0 forming the exact sequence of groups
which is homotopy equivalent to the fibration (4)). Then we identify BFr k ∞ with the classifying space BN ∈ N) . So let H be a separable Hilbert space, B(H) and K(H) the algebra of bounded operators in End(H) and the ideal of compact operators in B(H), respectively. By C(H) denote the Calkin algebra B(H)/K(H). Put H) ) be the natural epimorphism. Let Nk be the subalgebra π H) ) its multiplicative group. It is a closed subgroup (in the norm topology) in GL k (B(H)). The groups N × k n play a crucial role in the further constructions. In particular, we shall show that in contrast to the group GL 1 (B(H)), they are not contractible, if n > 0 (note that N Remark 33. Let us remark that there is an obvious way to transfer our definition of N × k to the algebraic K-theory of a ring R (using the analogy between C(H) and ΣR).
The following results about Calkin algebra are needed for the sequel. Let π : B(H) → C(H) be the canonical epimorphism. By GL 1 (C(H)) 0 denote the connected component of the unit in GL 1 (C(H)). In other words, it is the image of the space Fred(H) 0 of zero index Fredholm operators under the map π| Fred(H) : Fred(H) → GL 1 (C(H)) (which is a fibration with fiber an affine space over K(H)). Let π : GL 1 (B(H)) → GL 1 (C(H)) 0 be the birestriction of π to the multiplicative subgroups. Clearly, ker(π) = GL 1 (K(H)), where GL 1 (K(H)) is the group of invertible operators of the form 1 + K, K ∈ K(H). It is known [9] that this group is homotopy equivalent to the infinite unitary group U := lim −→ n U (n) (with respect to the standard inclusions). Recall also that the group GL 1 (C(H)) (GL 1 (C(H)) 0 ) is homotopy equivalent to Z × BU (BU respectively). Finally note that GL k (K(H)) := {the group of invertible k × k-matrices of the form 1
0 induced by π k . Clearly their kernels coincide with the subgroup GL k (K(H)).
Lemma 34. The topological group N × k has the following homotopy groups:
Proof easily follows from the commutative diagram of exact sequences
Indeed, recall that the group GL k (B(H)) ∼ = GL 1 (B(H)) is contractible (the polar decomposition + Kuiper's theorem). In particular, upper row is just the path fibration. Now the required assertion follows from the nontrivial piece of the corresponding homotopy sequences:
where ·k means the homomorphism which takes the group generator 1 to k · 1. (16) is a classifying map for the lower row (considered as a GL k (K(H))-fibration), we have the fibration
where the inclusion GL 1 (K(H)) → GL k (K(H)) is the following:
where C(H) is the Calkin algebra as above.
Consider the homomorphisms U (kn)
where α ij ∈ M n (C). Let i n : U (n) ֒→ U (n + 1) be the standard inclusion
Consider also the homomorphisms U (n)
Thus, we obtain the well-defined map of the direct limits:
induced by the tensor product with E k (cf. diagram (18)).
Lemma 37. The space Fr k is the fiber of the map B τ k : BU → BU induced by the group homomorphism (19).
Proof. Obviously, the map BU(l n )
[k]⊗...
−→ BU(kl n ) induced by the tensor product with a trivial bundle of rank k is equivalent to the map of these classifying spaces induced by the group homomorphism U (l n )
Hence Fr k, l n is the fiber of BU(l n )
−→ BU(kl
n ). It easily follows from the commutative diagram (cf. diagram (11))
O O that the natural inclusions Fr k, l n → Fr k, l n+1 are weak homotopy equivalences (⇒ homotopy equivalences because Fr k, l is a CW -complex) up to dimension ∼ 2l n (recall that (k, l) = 1).
The following proposition makes the statement of Lemma 34 more precise (cf. Lemma 29).
Proposition 38. There is a homotopy equivalence Fr k ≃ N × k such that the diagram (whose rows are the above fibrations (cf. Remarks 35 and 36) and the vertical arrows are homotopy equivalences)
commutes up to homotopy.
Proof. We have the group homomorphism U → GL 1 (K(H)) which is a homotopy equivalence. Clearly, this equivalence identifies the group homomorphisms τ k : U → U and GL 1 (K(H)) → GL k (K(H)) (see (18)). There is also the homotopy equivalence BU → BGL 1 (K(H)) of classifying spaces and the corresponding maps of classifying spaces B τ k : BU → BU and BGL 1 (K(H)) → BGL k (K(H)) can also be identified. Therefore their homotopy fibers Fr k and N × k are homotopy equivalent too, and the diagram is commutative.
Remark 39. Let us remark that the fibration (see (17))
has the following interpretation. Let EN
). Now consider the commutative diagram of group homomorphisms:
Since (k, l) = 1, we see that the arrow GL l n ( Nk ) → GL l n+1 ( Nk ) is a homotopy equivalence (cf. the proof of Lemma 37).
, where the direct limits are taken over the group homomorphisms GL l n (K(H))
and hence also the fibration
Taking into account the obtained results, the proof of the following lemma is trivial.
Lemma 40. There is the commutative (up to homotopy) diagram
whose rows are fibrations and vertical arrows are homotopy equivalences.
Lemma 41. There is the commutative (up to homotopy) diagram
O O whose rows are the above fibrations.
Proof. Consider the mapping
of principal PU(kl n )-bundles (so it is PU(kl n )-equivariant). We have the free action of
is the fiber of the map BPU(k)
Therefore its factor by E k ⊗ PU(l n ) is Gr k, l n and we obtain the required commutative diagram.
Replacing BPU by BU and Gr by Gr one obtains the analogous diagram in the unitary case.
Put Gr k := lim −→ n Gr k, l n . We claim that this homotopy type does not depend on the choice of l, (k, l) = 1. Indeed, the maps α k, l, m and α k, m, l in diagram (12) are PU(k)-equivariant.
Corollary 42. There is the commutative (up to homotopy) diagram
whose rows are the fibrations.
Combining the previous corollary with Lemma 40, we obtain the following result.
Theorem 43. There is the fibration
which actually is an extension of Fr k → Gr k → BU(k) to the right.
Proof. The upper fibration in diagram (21) can be extended to the right up to fibration
It follows from the previous corollary that the homotopic fiber of this map is just Gr k .
Remark 44. Let us note an analogy between fibrations (7) and (22) 
Corollary 45. Suppose we are given an C k -bundle ξ k over a finite CW -complex X.
Then F k (ξ k ) is a trivial bundle iff End(ξ k ) is the core (see Subsection 2.3) of some FAB over X (i.e. iff there exists an embedding End(ξ k ) ֒→ X × M km (C) for some sufficiently large m, (k, m) = 1).
Proof. Since (22) is a fibration, we have the corresponding exact sequence of pointed sets [X,
. Now the required assertion follows from the discussion after diagram (5).
Remark 46. Recall that we have already interpreted the lifting problem in the fibration Remark 48. It is interesting to apply the obtained results to the equivalence relation, considered in Remark 31. More precisely, we see that (in notation of the remark)
It is obvious that the Kronecker product with the unit k × k-matrix E k induces the group homomorphisms N
Since B is a functor, we see that the above homomorphisms induce the corresponding maps of classifying spaces BN
induced by the Kronecker product with the unit k × k-matrix. Their direct limit is the localization map GL 1 
Corollary 49. There is the diagram
which is commutative up to homotopy.
Proof follows from Proposition 38.
Thus, instead of fibration (15) we can consider the homotopy equivalent fibration
(which is the direct limit of (20)).
Now we want to define a structure of homotopy commutative H-space on BN × k ∞ which turn the above fibration into an exact sequence of H-spaces (i.e.
[X, BGL 1 (K(H))]
is an exact sequence of Abelian groups for any finite CW -complex X). Unfortunately, we do not know any direct way to do this in terms of N × k n -bundles. Remark 50. For example, there are mappings N H) ) (cf. Remark 27). Indeed, one can easily verify (using the fact that K(H) is a two-sided ideal in B(H)) that for any
But these mappings are not homomorphisms, so they do not define the corresponding mappings of classifying spaces.
So we have to return to fibration (15). Let bu i ⊗ be the generalized cohomology theory defined by the infinite loop space BU ⊗ , with the zero term bu
Then fibration (15) corresponds to the exact sequence of Abelian groups bu
]/Z) associated with the exact sequence of groups of coef- 
for any finite CW -complex X.
Definition 51. For a finite CW -complex X the k-primary component (cf. Remark 25) of the generalized Brauer group GBr k (X) is the cokernel coker{ h k * (X) : AB
Now we want to explain why this definition is a natural generalization of the classical Brauer group. First of all, let us stress an analogy between the fibration
(which relates to the definition of the classical group) and fibration (23) (or (15)). For example, one can verify that the homotopy sequence of the first fibration in dimension 2 coincides with the homotopy sequence of the second fibration in all even dimensions. Therefore in some sense we get a two-periodic generalization of the classical Brauer group. The role of the Picard group (i.e. the group of isomorphism classes of line bundles with respect to the tensor product) in our case plays the group of bundles of the form (ξ k , (End(ξ k ), µ, M kl )), (k, l) = 1 (see Subsection 2.6) with respect to the tensor product (cf. Remark 24). Now it is suitable to consider direct limits (induced by the Kronecker product) over all natural numbers (not only over powers of a fixed k). In this way we get spaces 
commutes. Note also that there is the commutative diagram
y y r r r r r r r r r r
where both down-directed arrows are bundles with the marked fibres. Clearly, the group N × k naturally acts on Fred k ⊂ M k (B(H)) by conjugations. Moreover, this action is compatible with the fibration p k : Fred k → GL 1 (∆ k ) in the sense that the diagram
commutes (where ϕ k is the mentioned action andφ k is the natural action on the group of invertible elements of Calkin algebra). In particular, the projection p k is N × k -equivariant, i.e. it commutes with the actions. Thus for a given N × k -cocycle on X we can associate the corresponding Fred k -bundle Fred k → X and define the corresponding twisted K-theory as the set of homotopy classes of sections of this bundle. Since the space Fred k is a topological monoid with respect to the composition of Fredholm operators, and the group action preserves the composition, we see that this set is actually a group. 
t t t t t t t t t X,
where GL 1 (∆ k ) → X is the GL 1 (∆ k )-bundle associated with the same N × k -cocycle as Fred k (using the actionφ k , see diagram (25)). Since the subgroup GL k (K(H)) ⊂ N × k is contained in the kernel of the actionφ k : N × k × GL 1 (∆ k ) → GL 1 (∆ k ), we see that GL 1 (∆ k ) → X is a trivial fibration. But the sets (actually groups) of homotopy classes of sections of two fibrations Fred k → X and GL 1 (∆ k ) → X are naturally isomorphic, because p k is obviously a fiberwise homotopy equivalence.
Remark 55. Let us remark that our generalized Brauer group generalizes the classical Brauer group (corresponding to the elements of finite order in H 3 (X; Z)), but not the infinite order case corresponding to the Dixmier-Douady class of a principal PU(H)-bundle [8] . In order to obtain a further generalization we have to extend sequence (14) up to the sequence BGL k ∞ (K(H)) 3) ).
